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Abstract. In this paper, under the constraints of the BKP(CKP) hierarchy, a crucial observa- 
tion is that the odd dynamical variable U2fe+i can be explicitly expressed by the even dynamical 
variable U2k in the Lax operator L through a new operator B. Using operator B, the essential 
\ differences between the BKP hierarchy and the CKP hierarchy are given by the flow equations 

Cl^ and the recursion operators under the (2n + l)-reduction. The formal formulas of the recursion 

operators for the BKP and CKP hierarchy under (2n-t- l)-reduction are given. To illustrate this 
method, the two recursion operators are constructed explicitly for the 3-reduction of the BKP 
and CKP hierarchies. The flows of U2 are generated from ti flows by the above recursion 
operators, which are consistent with the corresponding flows generated by the flow equations 
under 3-reduction. 
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1. Introduction 

The Kadomtsev-Petviashvih (KP) hierarchy [Ij is an attractive research object in the mathe- 
matical physics since 1980s. It has two important sub-hierarchies, i. e. Kadomtsev-Petviashvili 
hierarchy of B-type (BKP hierarchy) and Kadomtsev-Petviashvili hierarchy of C-type (CKP 
hierarchy) [2] which are two interesting reductions of KP hierarchy associated with two infinite 
dimensional algebras o(oo) and sp{oo) respectively [3]. By the formulation of pseudo-differential 
operator, the Lax operator of KP hierarchy is L = X]i>o ""i^^^"' = d + U2d~^ + u^d''^ + ■ • • . 
These different algebraic structures also can be shown in some sense by the reduction conditions 
on the Lax operator, i. e. L* = —L for the CKP hierarchy and L* = —dLd~^ for the BKP 
hierarchy |3]. Here L* is the formally adjoint operator of L. Besides above two essential differ- 
ences between the KP, BKP and CKP hierarchies from the view of algebra structure and Lax 
operator, there are also more interesting facts in the four aspects including the r function [3], 
the gauge transformation [5]- [8], the additional symmetries and the ASvM formula [9]- [17], the 
freeze of the even flows and odd number dynamical variables Uj, (j = 3, 5, 7, ■ ■ ■ ) [5]. Because 
of the importance of the flow equations and recursion operators, it is very natural to explore 
more differences from these two aspects among them. 
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The recursion operator pLSj for a given soliton equation is firstly introduced by using the 
KdV equation as example. The results of the recent thirty five years of the soliton theory show 
possessing a recursion operator is one of essential integrable properties, which is related to 
infinitely many conservation laws and symmetries, Hamiltonian structure, higher order flows, 
etc [2l[T9l|20]. With the help of the recursion operator, the higher flows can be generated from 
the lower flows for an integrable hierarchy, which offers a natural way to construct the whole 
hierarchy from a single seed system [21 [201 Ell [221 ISSl ISSl [26]. There are several ways to 
construct the recursion operator of a given integrable system, which is reviewed in reference 
f20\ . The construction of recursion operator in 2+1 dimension was given in the papers by 
Fokas and Santini f]M [251 f27\ . For the n- reduction KP hierarchy, it is very natural to extract 
recursion operator from the explicit flow equations, which has been done by W. Strampp and 
W. Oevel [19]. The advantage of this method is that the higher-order flows generated by 
recursion operator from lower-order ones are local even if the recursion operator has nonlocal 
term, because the higher-order flows are automatically identified with the local flows given by 
the Lax equations of the KP hierarchy. 

To improve the understanding of more essential differences of the KP, BKP and CKP hi- 
erarchies, we shall study the explicit flows and the recursion operators for them. The main 
difficulties to apply Strampp and Oevel's method [19j for the BKP hierarchy and the CKP 
hierarchy are due to the two constraints: the disappearance of the even flows and the odd 
dynamical variables Ui,{i = 1, 3, 5, ■ ■ ■ ), which is originated from the reduction conditions on 
the Lax operator L* = —dLd~^ or L* = —L. It is also crucial to know that there only exists 
(2n-M)-th reduction in the BKP hierarchy and the CKP hierarchy. The key step is to transmit 
the reduction conditions on the Lax operator to the flow equations, which can be realized by 
expressing the odd dynamical variable Uj,{j = 1, 3, 5, ■ ■ ■ ) by the even ones. 

This paper was organized as follows. The odd dynamical variable Uj,{j = 1, 3, 5, ■ ■ ■ , ) is 
expressed by the even ones in section 2 with the reduction condition on Lax operator L* = 
—L or L* = —dLd~^. An operator B is introduced for this purpose. In section 3, the odd 
flow equations of the even dynamical variable U2j, {j = 1, 2, ■ ■ ■ , ) are obtain from ^^ta^+i = 
[L, We also calculate the some odd flows of BKP (CKP) hierarchy as examples. In 

section 4 the recursion operator of BKP (CKP) hierarchy is discussed. This recursion operators 
are different from the recursion operator of KP hierarchy [191 1201 [26]. Section 5 is devoted 
on reduction of the tj flows of BKP (CKP) hierarchy by the recursion operator, and which are 
consistent with corresponding flows in section 2. Section 6 is a brief discussion on recursion 
operator and the future problem. 



2. The Even dynamical variables 

In this section, we study the even dynamical variables and the odd ones of the Lax operator. 
The even dynamical variables will be expressed by the odd dynamical variables by a formula 
which be introduced below. 



Firstly we given a pseudo-differential Lax operator 



l>0 

= d + U2d~' + u^d-^ + ■ ■ ■ , (2.1) 

where we assume Uq = l,Ui = 0, and U2,Us, ■ ■ ■ are the functions of an infinite set of time 
variables t = {ti = x,ts, ■ ■ ■) and d = hj imposing the following condition on L 

L* = -a'=L^~^ (2.2) 

And the formally adjoined operators are given by 

L* = J2i'^)'''d'-%, (2.3) 
z>o 

with k = 0,1 corresponding to the Lax operator for CKP hierarchy and BKP hierarchy respec- 
tively. The operation of with A; G Z is defined by 

a'=u = ^Cfn^^)^^-^ (2.4) 
i>o 

where u^^^ = with 

The m-th power of L can be denote for 

= {d+u2d-'+md-^+---r 

= 5^p,(m)a^- (2.6) 

j<m 

and {L"^)+ = X]jlo^'i("^)^"'' ^- ^- non-negative projection of L"^, and (L™)_ = 

— (L™)+ is the negative projection of L"^. In particular, 

ui= pi^iil), I = 2,3,-- ■ . (2.7) 

The dynamical equations of BKP hierarchy and CKP hierarchy are defined as follows, 

= [{L'-'^'U, L] = [L, (L^™+^)_], m = 0, 1, 2, ■ ■ • (2.8) 

Remembering the corresponding constraints on the Lax operator, there are only the odd flows 
existed with the BKP hierarchy and CKP hierarchy [3]. And the (2n -|- l)-th power of Lax 
operator L must be considered, 

^2n+i_ J2 p.{2n + l)d^, (2.9) 

j<2n.+ l 

with n = 0,1,2, ■■■ . From the constraints 02. 2p . we know 

g-k-^*2n+l ^ _^2n+l^-fc_ (2.10) 
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By considering the negative part of both sides 

^^_fc^,2„+i^_ = -(L2"+ia-^)_, (2.11) 

then 

/./i.s of dMH) = J] (-iy9^"Vj(2n + l) 

j<-l+k 

= E E(-i)'^i-4^(2n+i)a^-'=-' 

j<-l+k l>0 

-j-l+k 

j<-l+k l>0 



On the other hand, 



So 



j<-l+k 



-j-l+k 

E E (-iy+'^^+.-4i(2n+l)a^-^ = - 5^ p,{2n+l)d^-\ (2.12) 

j<-l+A; «>0 J<-l+fc 

Comparing the coefficients of in above relation, we find 

-j-l+k 

J2 i~iy^'Cl+i.JU^n + l) = -p,i2n + l), j<-l + k. (2.13) 

l>0 

Further, 

-j-l+k 
1>1 



{{-iy + l)p,{2n + l) = - J2 i-^y^'C^^+i-kPf+ii^n + l), j<-l + k. (2.14) 



Thus, one can find pj{2n + 1) with j odd are independent. As for j being even number, we 
have 



p.(2ri + l) = -l ^ (-l)-'+'Cj+,_4'j,(2n+l), j < -1 + A; and j even. (2.15) 

i>i 

In particular, po{2n + 1) = for k = 1. Thus pj{2n + 1) in fl2.15p becomes 

~j-i 

2 



1 

p,{2n +l) = - J2 {-iyC^j+i-4U'^n + 1), j = -2, -4, ■ • • . (2.16) 



i>i 



By considering (12. 7p . we have / odd number dynamical variable 



ui = pi-i{l 

1-2 



2 

^ 1-2 

M>1 



Ui , , , / — 3,5, ' * * 



That is, 

1-2 , 1-2 



ui = -\ Y.^-ircu^M-, = -\ll / = 3, 5, ■ • • . (2.17) 



2 / ^ V / l—L+fl—K l—^ 2 

So we summarize above results for below. For BKP hierarchy 

1-2 

2 



^ = 3,5,---, (2.18) 

1 '^'^ 

p.{2n + l) = J2i-^yC'j+i-iP%i{2n + l), j = -2, -4, ■ ■ ■ . (2.19) 



2 



For CKP hierarchy, 



ui = / = 3,5,---, (2.20) 

p,(2n+l) = -- ^(-l)'c;;.^^p«^(2n+l), j = -2,-4,---. (2.21) 



But because the odd dynamical variable and even dynamical variable of it are not really 
separated by eg. (12. 181 12.20p . we next want to separate the odd parts and even ones from above 
relation. Before doing this, let's see a lemma first. 

Lemma 2.1. // 

-j-i 

Pj = Yl Am^'j+M' 3 = -4, -6, ■ • • , (2.22) 

^l>l 

where Aj^ is an operator, then 
I 

P-21 = ^ B^2i-2fi+iP-2fi+i (2.23) 
11=1 
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with 

V 

B-2l-2fj.+l = (]^^-2Z+iiH \-i^-i,i^)A-2l+ii + ---+i^ -2)1+1+21-11-12 V- 



hii.<2Z-2/x,!/>0 7=1 

ijis positive even number 



(2.24) 



Proof. We prove the lemma by induction. Obviously the lemma is true for 1 = 1. We next 
assume the lemma is correct for < /, then for / + 1 case. By (I2.22p . 

21+1 l+l I 

P-21-2 = ^-2Z-2,7P-2/-2+7 = ^-2/-2,2/i-lP-2«-2+2/i-l + A-2l-2,2fiP-2l-2+2fi 

7>1 fj,=l )i=l 

l+l I 

= ^-2l-2-2fM+l+2{l+l)P-2)j.+l + ^-2Z-2,27P-2(/-7+l) 

11=1 7=1 

/+1 

= ^-2Z-2,-2^t+l+2(Z+l)P-2^+l 
11=1 

l+l I 

+ ^ ^ ^-2Z-2,27^-2Z-2+27,i2^-2Z-2+27+i2,i3 ' ' ' 

^-2Z-2+27+i2+-+V-i,j^^-2Z-2+27+i2 + ---+i!.,-2At+l+2(/+l)-27~i2 i^P-2fi+l 

l+l 

-2/-2, -2^4+1^-2^4+1 • 

)i=l 

Thus the lemma holds for I + 1 case. □ 
We apply this lemma to BKP hierarchy and CKP hierarchy cases, 

1 If —-C^d^ k = l BKP 

= -l^{-^YC';^,.-kd^ = -2^^j+k-id'' = I _ici^~[^Qn^ ^ = g, CKP. ^^'^^^ 

So the corresponding B operators are, 

-B-2Z,-2^t+l 

E/'_^\!/+l^n f^i2 f~iiv ^-2/i+l+2Z-ji iv Ci2l-2)i+l 
\ 2' ^2l-l+k^2l-l+k-ii ' ' ' ^2l-l+k-ii-i2 i„^i'^2l-l+k-ii i„ ^ 

h,i2,--- ,iv 

E( l\'^+^/-iii/~i'i2 r'ii, (~<-2ii+l+2l-n iv pai-2a+l R P 

\~2f '-^2z'-^2Z-ii ■ ■ ■<-^2/-ii-i2 i,-i*-^2Z-n <^ ' -DAi-, 

El Ix^^+l^ii ^42 r^iv ^-2fi+l+2l-ii i,.o2Z-2u+l n r> 
\2> ^^21-1^21-1-^" ''-'2l-l-ii-i2 j„_i'-"2Z-l-n ^ ,UJ\1-. 

(2.26) 



So according to Lemma [2m we get 

p.2ii2n +l) = Y, S_2i,-2M+iP-2M+i(2n + 1). (2.27) 



Proposition 2.2. All the odd dynamical variables U21+1 of Lax operator L can be expressed by 
the even dynamical variables U2^{^ < that is, 



I 



U21+1 = ^B^2l-2^i+lU2^l, (2.28) 



where -B-2/,-2^t+i is defined by (E 



Proof. From eq. fl2.27p . in particular, U21+1 = p_2«(l) for / = 1, 2, ■ ■ ■ . Then we find 

I I 

y'21+l = P-2l{^) = B_2l-2f,+lP-2fi+li'^) = ^ -S_2Z _2^+iM2m- 

11=1 IJ.=1 

□ 

The equation f l2.28p is crucial to calculate the flow equation in section |3] and the recursion 
operator in section HI From the above relation of Uj, one can obtain that all the odd item U21+1 
can be expressed by the even item U2ii, where ^ < I. 

Below let's see some examples of f l2.28p . Firstly we will deal with the BKP hierarchy. 

For / = 1, we find fi = l,B_2i-2fi+i = ^-2-1 = -\Cld = -d, thus us = -U2x- 

For / = 2, then /i = = 2, thus one only need -B-4,-1 and 5_4,_3, while 

5-4,-3 = ~Cld=-2d. 

So 

For / = 3, /i = 1, 2, 3, -B_6,-i, -B-6,-3 and -B-6,-5 have the form 

5-6,-1 = {{-\)cl + {-\fclcl + {-\fctcl + {^^^^ 

5-6,-3 = {{-\)Cl+{-\?ClCl}&' = ^d\ 
5-6,-5 = {-\)Cld=-?>d. 



So 
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For / = 4 and /u = 1, 2, 3, 4,i?_8,-i, B_s,-3, -S-8,-5 and -B-8,-7 have the form 

5-8,-5 = {{-l)c! + {-lrclcl}d'^ud^, 

5-8,-7 = {-\)Cld=-id. 



So 



^9 — ^'7'^2xxxxxxx "^^U^xxxxx ~l~ ^^^dxxx ^ligj;. 

Then we consider the examples of CKP hierarchy. 

When / = 1 and fJ,— I, B_2,-i = —^Cld = —^d. Thus us — —\u2x- 

For 1 — 2, then ji— 1,2, thus only need -B_4^_i and S_4^_3, while 

5-4,-1 = = 
5-4,-3 = -\cid=-\d. 



So 



1 _ 3 

For / = 3, /X = 1, 2, 3, i?_6,-i, -B-6,-3 and S_6,-5 have the form 
5-6,-1 = {{-\)Cl + {-\fClCl + {-\fClCl + {^^^^ 

5-6,-3 = {(-^)Q^+(-^m^^^3^}5^ = ^9^ 

5-6,-5 = {-\)Cld=-\d. 



So 



1 5 5 



9 

For / = 4, /i = 1, 2, 3, 4, B_s-i, -S-8,~3, -B-8,-5 and have the form below 



B-8-1 

B-8-3 
-B-8 -5 
-B-S -7 



35 



5^ 



7 



a. 



So 



_ 17 21 35 7 

^9 '~^^2xxxxxxx "^U/^xxxxx "(~ ^6x2:2; Ti^S^;- 
O Z 4 Z 



We summarize above results below. 
For BKP, 



U3 = -U2x, 

U5 = U2xxx — 2^42-, 

= 'iU2xxxxx + ^"Uixxx Sttg^. 



Mg = 17^ 



2xxxxxxx 



28^42 



+ 14m, 



6xxx 



Au 



8a; 1 



(2.29) 



For CKP, 



'tt3 = -|^i2a; 

1 3 
^5 4^2xx2: 2^4x; 

1*7 = ^\'^2xxxxx + \Uixxx ~ 2^6x1 (2.30) 
^9 "o"^2a;a;a;a;a;a;a; 'T'^ixxxxx ~l~ "T^6xxx n^Sxj 



Remark: From f l2.28p . one can know there are only the even dynamical variables of {uj,j > 
1} are independent, and the odd dynamical variables of {uj,j > 1} can be expressed by the 
even ones of {uj,j > 1}. With this result, it is nature to discuss the odd flows of even dynamical 
variables in the next section. 
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3. Flow Equations 

We next deal with the BKP hierarchy and CKP hierarchy in an unified way. First we derive 
the fiow equations of the dynamical variables U2j. Inserting (12. ip and fl2.9p into fl2.8p . one finds 

r>0 h>0 

= E E J2(^i-rUrP^^li^m + 1) - C-,p^,{2m + 1)4-^)8'-^'-'-'^ 

r>0 a>0 h>0 
I 

= E E J2^C[-_:urP^ll'\2m + 1) - Ci-,>_.(2m + 

Z>0 r>0 h>0 

= E E J2^CiZ':-'urP^l;'-'\2m + 1) - Cr,'">-.(2m + l)ut'^-'-^)d'-^ . 

j>l h>l r>0 

Comparing with Lt,^^^ = Ej>o ^i,<2n>+i'9^"-'', we have 

j 

Uo,t2m+i = 0, Ui^t2m+i = 0, %,t2™+i = E Oj,hP-h{2m + 1), (3.1) 

h=l 

where 

r>0 

In particular, Ojj = 0, Ojj^i = d. 

With (12. ip and (12. 9p . pj{2n + 1) can be uniquely determined by tt2, ws, ■ ' ' ; ii2n+i-j, i- e. it's 
formula is 

Pj{2n+l) = {2n + l)u2n+l-j + .fjniu2,U3, ■ ■ ■ ,U2n-j),j < 2n + 1 (3.3) 



and fjn is a differential polynomials in M2,ti3,-- - ,U2n-j- With the help of Proposition 12.21 
every dynamical variable can be expressed by the even ones. So pj(2n + 1) can be expressed 
by 'U2j W4, ■ ■ ■ , U2n+i-j which j is odd. Now we consider the (2n + l)-reduction, i. e. for some 
fixed 2n + 1, n e Z_|_, 



' 2n+l _ I J 2n.+l 



(L^"+^)+. (3.4) 

This relation is equal to requiring the pj{2n + 1) = for j < 0. Hence, one can recursively 
express all coordinates Uj with j >2n + l in terms of (^2, u^, - ■ ■ , Uj-i). But thanks for (12.281) . 
all the odd dynamical variables 'U2/+1 can be express by the even dynamical variables U2fj,, where 
/i < /. So only first n coordinates (w2,M4, • • • ,M2n) are independent for BKP(CKP) hierarchy 
in the case of (2n + l)-reduction. 
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On the other hand, according to formula (12.271) and the third formula of (13. ip . one has 

j j 

^2j,t2m+i = X] 02j,2h-lP-2h+l (2m + 1) + ^ 02j,2hP-2hi'2m + 1) 
h=l h=l 
j j h 

= X] C'2j,2fc-iP-2/i+i(2m + 1) + X] Oaj, 2ft5-2ft -2M+iP-2^+i(2m + 1) 



h=l h=l At=l 

3 3 3 



02^-2/1-1^-2/1+1 (2m + 1) + 02j,2hB-2h-2^,+lP~2^,+l{'^rn + 1) 

h=l /*=! h=ii 

( 02j,2/i-l + ^ 02j,2/.-B_2^ -2/1+1 jP-2/^+1 (2m + 1). 



/i=l /i=/i 



Thus, 



^i2i,t2„+i = Q3hP^2h+i{'2m + 1), i < n, (3.5) 

h=l 

which 



Qj/i = 02j,2/i-i + ^ 02j, 2^4-5-2/. -2/1+1, i < n. (3.6) 

/i=/l 

Obviously, Qjj = d. So with the above formula (13. 5 p and the help of equations (I2.29[ I2.30p . all 
odd flow equations of the even dynamical coordinate U2j can be obtained. This result implies 
that the flow equations are expressed by even dynamical variable ^2,^4, ■ ■ • ,U2n- Due to the 
appearance of the operator B (I2.26p . the flow equation of KP hierarchy, BKP hierarchy and 
CKP hierarchy are different. 

We present some odd flow equations below calculated by Maple. The first several odd flow 
equations of BKP hierarchy are 

^U2,ti = U2,x, 
«2,i3 = QU2U2,x + ^U4,x - '2U2,xxx, 

U2,t^ = 20U2U4,x + 20U4U2,x + WU2U2,xxx + 5M6,x + Q0U2,xU2,xx " lu2,xxxxx + 30ulu2,x, 
{ U2,t7 = Y'^2,xxxxxxx + 'i06U2,xU2U2,xx + 210'U2^^4W2,x + 7Us,x " 7U4,xxxxx (3-7) 
+ l4:U6^xxx + 112ti|a. + 42M2'U6,x + 42^4^4,^ + A2UqU2,x + 49^2^4,2 
+98U4U2^xxx + ^QU2U2,xxxxx + 203U2,xU4,xx + 252U4^xU2,xx + 29AU2,xU2,a 
+Q09U2,xxU2,xxx + W5ulu4^x + 9'^ulu2,xxx + 140m|m2,x- 



-,xxx 
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The first several odd flow equations of CKP hierarchy are 



U2,ti = U2,x, 

U2,tz = QU2U2,x + 3U4^x - \u2,xxx, 

U2,t5 = 20U2U4^x + 20U4U2,x + 5Uq,x + Q5U2,xU2,xx + 30ti2M2,xxx 

+ lOU4,^xxx + 30U2U2,x - 1^2 
U2,t7 = ^2U2Uq^x + ^2u^Ui^x + 42M6M2,z + 49M2M4,zzz + '^^UiU2^xxx + 3^U2U2^xxxxx 
+ H 2~^2,a;'W4,2:2: H 2~^2,xx'W4,x + ^54:U2^xU2,xxxx + 287'U2,xx^2,2:xx 

+ 105m|m4,x + 91ulu2,xxx + I4:0ulu2,x + 210U2U4U2,x + ™U2,xU2U2,xx 
~^^'^'^6,xxx ~l~ ~4~^2.x ^^ifXxxxx ~l~ "g"^2,xa;a;a;a;a;a;- 

One can see the first flow equations (13.71 13.81) of BKP(CKP) hierarchy are trivial equations. 
If consider the 3- reduction (13. 4p when n = 1, we can calculate the tj flow from the ti flow. The 
first three equations of 3-reduction of BKP hierarchy are 

' 2 I 2 

= + ■nU2^XX) 



11, ,2 _ 1„,3 _ T I 2,, _ 1,__^ 

7,, „, I n„, ,,2 1^,2,, 32, ir>_ _ (3-9) 



112 137 2 1 

% = — 2-U2'ii4 3"^2,x ~ 3'^2 ~ 3'W2'f^2,2:2: + -^U^^xx ~ -^U2^xxxxi 



Us = -2U2Uq - ^U2U4,xx + 9U2uix " s'^2'^'^,xx " yti2,xM4,x " 10M4^i2,a;a; 

7 2 2 1 1 2 2 

~\~'^'^2,xx ~^ 3 ^6, XX' 3'^4,xxxx 

If one substitute (13.91) into (13. 7p . then the tj flow equation of U2 (13. 7p of BKP hierarchy can be 
reduced for 

_ 7 14 7 14 2 

'^2,tr g M2'^2,x2:xxx ~^'^2,x^2,xxxx '^'^2,xx'^2,xxx ~^'^2,xxx'^2 

28 7 1 

" —U2U2^x ~ ^4:U2^xU2U2,xx ~ '^^2,x ~ '^'^2,xxxxxxx- (3.10) 

The first three equations of 3-reduction of CKP hierarchy are 

= -ul + \u2,xx, 

17 2 1 3 4 2 1 

Uq = — 2W2'U4 — i2^2,x ~" 3^2 ~ 3't^2U2,xx + -^U^^xx — qU2,xxxx, 

r\,Q9 4Q i2 97 1 

Us = -2U2Uq + \U2U^2,x " Y«2,a;^^4,x + 3M2,a;^i2,xxx - UX - ^M2^^4,xx " 3M2M2,xxxx 

4 2 o 17 2 2 1 1 2 

'^'^2^2,xx oU4U2^xx ~l~ Y2^2,a;a; ~^ 3^6,3:0; '^'^i,xxxx ~l~ '^'^2,xxxxxx U2U4. 

If one substitute (13. lip into (13. 8p . then the flow equation of U2 (13. 8p of CKP hierarchy can 
be reduced for 

35 3 28 3 14 2 14 

^^2,47 — ~ '7rU2 X ;r'^2'^2,x —U2'^2,xxx —U2,xxU2,xxx — 21U2,xU2U2,xx 

' 3 3 3 

49 1 7 

~rTU2^xU2,xxxx - ^U2,xxxxxxx - -U2U2,xxxxx- (3-12) 

But it is not easy to find a relation between the more other higher order flow equations and 
the lower order flow equations. And we will find the recursion operator which can generate the 
higher order flow equations from the lower order flow equations in the next section. 



(3.11) 
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For (2n + l)-reduction, it only has the odd reduction and even dynamical variable in the 
BKP(CKP) hierarchy. If we denote 



U{2n) = {u2,Ui, ■ ■ ■ ,U2n)*, 

P(2n + l,2m + l) = (p_i(2m + 1), j9_3(2m + 1) 

/ Qii ■■■ \ 
Q21 Q22 ■ ■ 



,p_2„+i(2m + 1))* 



Q{n) 







V Qnl Qn2 ' ' ' Qnn / 

where the up index t denotes the transpose of the matrix, then fl3.5p can be rewritten for 

U{2n)t,„^^, = Q{n)P{2n + 1, 2m + 1). (3.13) 

It is trivial to know that all the flow equations in U(2n)t^^^^ are local. Next, we want to study 
the recursion relation between t2m+i+2p(2n+i) flow and t2m+i flow. 



4. Recursion Operator 

In this section, we will discuss the recursion operator of BKP hierarchy and CKP hierarchy 
starting from the recursion operator of KP hierarchy. To do this, we must flnd a recursion 
formula relation between U{2n)t2^_^_-^ and U{2n)t2^^4„+3 under the (2n+ l)-reduction constraint. 
That is, we try to flnd an operator $(2?7, + l), s.t. U{2n)t2^_^4^^^3 = ^{2n + l)U{2n)t^^^-^. Recall 
the result of the recursion operator of KP hierarchy [T^l under n-reduction, we have 



where 



P{n, m + n) = R{n)P{n, m), 

P{n, m) = 
R{n) = 



(p_i(m),p_2(m), ■ ■ ■ ,p_„+i(m))*, 
S{n) -T{n)M{n)-^N{n), 



(4.1) 



S{n) 



( C_i.o(n) 

C-2.-l(n) 



C-i,i(n) 
C-2,o(n) 



C-l,n-2(^) \ 



\ C-n+1 -n+2('^) C'-n+l -n+3(?^) "■■ C'-Ji+1,0 ('^) • / („_i)x(n-l) 



T(n) 



/ C_i,„_i(n) C_i,„(n) 

C-2,n-2(?^) C_2,„-l(n) C_2,n(n) 








\ C'_„+i,i(n) C^n+\,2{n) C_„+i,3(n) ■■■ C_„+i,„(n) / 



(n— 1) xn 
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M(n) 



/ -nd 

D-2,n~2{n) -nd 

\ D-n,o(ri) i^-n,l(^) 



\ 





-nd / 



/ ^-i,o(ri) 



N{n) 



D-i,i{n) 



C-n+l-n+2{n) C-n+l-n+3{n) 
\ C-n,-n-\-l{n) C-n,-n-\-2{n) 



D_i,„_3(n) D_ 

D-2,n~4{n) D_ 



C-n+i-i{n) 
C_„_2(n) 



1, n-2H \ 

2, n-3H 



D-n+lfl{n) 

C-n,-i{n) ) 



nx (n— 1) 



i=max(0,/x) 

= Cj^s{n) - Cs{n), 

n—s 

Cs{n) = Y.Cl^^p,^,{n)dr 

/x=0 

If we set = Q{n)R{n)Q~^{n), then the recursion formula of KP hierarchy [191 [26] is 

Uin)t^^^„=^\n)Uin)t^, (4.2) 

where U{n) = {u2, 1*4, ■■ ■ , Un-i, u^y. If we substitute 2m + 1 for m, 2n + 1 for n and j = 2 
in fl4.2l) . we have 

t^(2n + = *'(2^ + 1)^(2^ + 1)*.™+!- (4-3) 

We consider the even element of U{2n + 1), which are the dynamical variables of BKP(CKP) 
hierarchy. Then it is necessary to calculate the odd flow equations of the even dynamical 
variables M2fc,t2„+i+2p(2„+i) • if let $(n)ij denote the (i, j)-th element of the matrix $(n), 
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from f l4.3p . the {2k — l)-th elements of U{2n + l)t2„+i+2(2n+i) 

2n 
i=l 

n n 
= ^{^^'^n + l))2fc-l,2^-1^^2^,^2™+l + ^{^^'^^^ + l))2fc-l,2^W2^+l,^2™+l 



j=l 1=1 

n n i 



= 5^($'(2n + l))2fc-l,2^-1^^2^,^2™+l + J^l^^'lSri + l))2fc-l,2^5_2^,-2M+l«2M,t2™+l 

j=l i=l /J=l 

n n n 

= '^i'^'^i'^n + l))2k-l,2i-lU2i,t2^+, + ^($^(2n + l))2fc-l,2i5_2i,-2M+lM2M,t2™+l 

i=l ^=1 *=M 

n n 

= ^[($2(271 + l))2fc-l,2M-l + Xl^'^^^^n + l))2fc-l,2iS_2i,-2;.+ l]M2M,t2,„+l , ^ < (4.4) 

It is used the formula fl2.28p for the third equality. If denote $(2n + l)k,j. = ($^(2n + 

1)) +Er=;.(*'(2n+i))2fc-i,2^5 

-2i,-2^t+i; then (14.41) become 

n 

Further we denote 

8(2n+l) = ($(2n + l)fc,^) 

n 

= (($2(2n + l))2fc-i,2M-i + J]($'(2n + 1)) 2k-l,2iB-2i-2ii+l), (4.6) 

and $(2n + 1) is a n x n matrix because 1 < A; < n and 1 < < n. Then for U{2n) = 
{u2, M4, ■ ■ ■ 5 U2ny, one has 

f>(2?^)wi+2(2„+.) = $(2n + l)^(2n),2„+,. (4.7) 

With the above prepared knowledge, we have a theorem below. 

Theorem 4.1. The flow equations of BKP( CKP) hierarchy under the {2n+l) -reduction possess 
a recursion operator $(2n + 1) such that 

f>(2n)wi+2.(2„+.) = n^ri + l)f/(2n),,„,,, (4.8) 

where $(2n + 1) is defined by (^7^. 
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Proof. With (14 .op and (14. 7p . it is clear that we have 

^(^^)*2m+l + 2p(2n + l) ~ ^ ■'^) *2(m+ (p- 1) (2n+l)) + l + 2(2n+l) 

= ^(2^ + l)f>(2^)w.+2(.-.)(2„+.) 

□ 

Remark: Under the (2n+l)-reduction, ti,ts, - ■ ■ , t2n-i, ^2n+3, hn+5, ■ ■ ■ , t4n+i-flows are inde- 
pendent, and only n coordinates (m2, ^4, ■ ■ ■ , U2n) are independent. That is just the 2n flows can 
generate the whole BKP(CKP) hierarchy under the action of the recursion operator $(2n+ 1) 
(14.61) . Though the recursion operator $(2n-|-l) is nonlocal, but it doesn't generate the nonlocal 
higher flow equations. Because the flow equations (12. 8p are local, and the recursion operator 
$(2n+ 1) is derived from these flow equations. In particular, the difference of the recursion op- 
erators in eq. (l4.8p of the BKP hierarchy and the CKP hierarchy is reflected by the appearance 
of the operator B. 

5. Applications 

In this section, we will give some examples for the applications of formula (14. 8p . Here we 
only consider 3-reduction of the BKP and CKP hierarchies. For an example, we generate the 
tj flow equation from the ti flow equation for 3-reduction. 

For the BKP hierarchy, set n = 1, m = and p = 1 in (14. Sp . one can calculate 

where 

'$ii(3) = |<93 + |ai<9 - |ai,^ - |al,^^a~^ 
$i2(3) = |<92 + |ai + |ai,,a-i, 

$21 (3) = - fai^^ - |ai,^9 - |a? + {^ai^xxx - |aiai,x)5~S 

^$22(3) = - laid - ai-x - lai^xxd'^, 

and ai(3) = 3u2,ao(3) = 0. Because -B-2,-1 = ~d, then the recursion operator is 

$(3) = <l>2,(3) + <l'i2(3)$2i(3)-($n(3)<l'i2(3) + $i2(3)<l'22(3))a 
12 11 10 

= -7^9^ - o'^S^^ - U2,xd^ - { — U2,xx + Sul)d^ - { — U2,xxx + 7U2U2,x)d 

z i o y y 

5 16 2 

- i-^U2,xxxx + 2M2,x + 4^2 + -:rU2U2,xx) - U2,xd~^{-U2,xx + uj) 

15 5 

- i-^U2,xxxxx + :^U2U2,xxx + l^U2,xU2,xx + 5ulu2,x)d~^. (5.2) 

y o o 
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With the recursion operator (14.61) . we can generate flow from ti flow by 'U2,t7 = ^{'i)u2,ti = 
$(3)it2,x, i- e. 

7 14 7 14 2 

U2,tr = - ^U2U2,xxxxx " —U2,xU2 ,xxxx - -U2,xxU2 ,xxx - ^U2 ,xxx ""2 

y y o o 

28 3 7 3 1 

~ —U2U2,x ~ ^^U2,xU2U2,xx ~ 2^2,z ~ ';^'U2,xxxxxxx^ (5-3) 

which consistent with the flow eq. f lS.lOp of the BKP hierarchy under 3-reduction. With a 
scaling transformations for ^2 — f and — — 27t, the operator fl5.2p consistent with the 
formula (B3) of Ref. [20] , and (15. 3p become the flow equation 

ILi '^^xxxxxxx ~t~ ISlilixxxxx ~t~ 1^9li^.^.^. ~t~ W^AuVjxUxx 

+ 12QUxUxxxx + IhQu^Ux + IS'iiUxxUxxx + 126M^lta;a;a; . (5-4) 

Set n = 1 , m = and p = 1 in eq. (14. 8 p for the CKP hierarchy, then 
where 

'$ii(3) = + |aia - \ai^x + ao(3) + (|ao,x - \ai^xx)d^^ , 
$i2(3) = |a2 + |ai + |ai,,a-\ 

'^'21(3) = — 1<9^ — l^lf^^ — f ftl,x<9 — — |ao,a; + {,\0'l,xxx — " |oo,xx)<9~^, 

^$22(3) = -|<9^-|ai<9-ai,x' + ao + |(ao,x-«i,xx)5"\ 
and ai(3) = 3^2, ao(3) = |tt2,x- Because -B_2,-i = ~|<9, then the recursion operator is 
$(3) = 8(3)1,1 

= $2,(3) + $ I2(3)<l'2l(3) - i($ii(3)$i2(3) + <I>12(3)$22(3))9 

12 49 35 

= -7^9^ - 0^2^^ - 2W2,a;C?^ - (t^«2,xx + ^ul)d'^ - { — U2,xxx + lOU2U2,x)d 

LI o io io 

13 41 23 1 

- {-T^U2,xxxx + 7rW2M2,xx + "^^2 x + 4^2) ^ 77 W2,x<9""^ (^^2,xx + 'ou\) 

18 4 ' o 

- {-U2,xxxxx ^%U2U2,xxx ^'^Vi2,xU2,xx ^ ^'^2^2,x)d~^ ■ (5.6) 

9 3 6 

We can generate t-j flow from t\ flow by tt2,t7 = $(3)u2,ti = $(3)1x2,2:, i- e. 

35 3 28 3 14 2 14 

^2,t7 = - 7rM2 ^ - —U2U2,x - -7r'^2U2,xxx " ^M2,xxM2,xxx " 2lM2,xM2W2,xa; 

6 ' 3 3 3 

_ 49 _^ _7 

-, Q '^2,xU2,xxxx - T^U2,xxxxxxx - ■7:U2U2,xxxxx, [O- I 

10 z I y 
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which consistent with flow eq.f l3.12p for the CKP hierarchy. With a scaling transformations 
U2 — )■ \u and tj — )■ — 27t, fl5.6p is nothing but the formula (30) of Ref. [20] and (15. 7p become 
the flow of equation 

'^xxxxxxx ~l~ ^^^^xxxxx ~l~ ^^^^xxxx ~l~ ^^^xx^xxx ~l~ 5614 Uxxx 

224 

+ —^u^Ux + 256uUxUxx + 70ul. (5.8) 

Remark: If let n = 1, m = 1 and p = 1 in (14. 8p . we can also obtain the second recursion 
relation by $(3), i. e. the formula [7(2)^^^ = $(3){7(2)tg. It is not difficult to generate tu 
flow equation of U2 from flow equation of it. If we choose properly the number of coefficient 
n,m,p in (14. 8p . then U{2)t^^ = $^(3)[/(2)t^ is obtained for n = l,m = and p = 2, and 
U{2)tj^^ = $^(3)[/(2)tj. is obtained for n = 1 and m = 2 = p. And the highest order of d in 
$^(3) is 12. Of course one can also use it to generate the higher order flows. 

6. Conclusions and Discussions 

In this paper, we found in Proposition l2.2l that the odd dynamical variable U2k+i of {uj,j > 1} 
can be expressed by the even dynamical variable U2k of {uj,j > 1} in Lax operator L by 
considering the constraint of BKP(CKP) hierarchy. The flow equations and the recursion 
operators of the BKP and the CKP hierarchies are given in a unified approach, which also reflect 
the two essential differences between the two sub-hierarchies of the KP hierarchy because of 
the appearance of the operator B. Two examples of the recursion operator are given explicitly 
for the BKP and CKP hierarchy under the 3-reduction. The ty flows are generated by these 
recursion operators again, which are consistent with the flow equations in the Lax equation. 
So the validity of these recursion operators is conflrmed. 

This research depicts deeply the the integrability of KP hierarchy and BKP (CKP) hierarchy. 
And it will also be helpful for studying the difference of Hamiltonian structure, Poisson bracket 
between the KP hierarchy and BKP (CKP) hierarchy, which will be studied later. 
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